The exfoliation energy, the energy required to peel off an atomic layer from the surface of a bulk material, is of fundamental importance in the science and engineering of two-dimensional materials. Traditionally, the exfoliation energy of a material has been obtained from first principles by calculating the difference in the ground-state energy between (i) a slab of N atomic layers (N 1) and (ii) a slab of N − 1 atomic layers plus an atomic layer separated from the slab. In this paper, we prove that the exfoliation energy can be obtained exactly as the difference in the groundstate energy between a bulk material (per atomic layer) and a single isolated layer. The proposed method is (i) tremendously lower in computational cost than the traditional approach since it does not require calculations on thick slabs, (ii) still valid even if there is a surface reconstruction of any kind, (iii) capable of taking into account the relaxation of the single exfoliated layer (both in-plane lattice parameters and atomic positions), and (iv) easily combined with all kinds of many-body computational methods. As a proof of principles, we calculated exfoliation energies of graphene, hexagonal boron nitride, MoS2 and phosphorene using density-functional theory. In addition, we found that the in-plane relaxation of an exfoliated layer accounts for 5% of one-layer exfoliation energy of phosphorene while it is negligible (< 0.4%) in the other cases.
Since the exfoliation of the first two-dimensional (2D) material, graphene [1] , experimentalists have tried to separate more and more 2D materials composed of one or few atomic layers from mechanical exfoliation [2, 3] . Certainly, a very important criterion for the feasibility of mechanical exfoliation is its energy cost. Computation of this energy cost is very important not only in explaining why certain materials are exfoliated easily but also in predicting which 2D materials can be separated from bulk compounds as a guide to experimentalists [4] [5] [6] . In some studies, the exfoliation energy has been defined as the energy cost of peeling the top layer from a surface of a bulk crystal [7] [8] [9] [10] [11] [12] [13] [14] . Alternatively, in a completely different context, the exfoliation energy has also been defined as the interlayer binding energy of a layered material, i. e. , the energy (per layer) required to separate all the layers of the bulk [15] [16] [17] [18] [19] . Here, we adopt the first definition since it is directly related to the actual mechanical exfoliation. The exfoliation energy defined in this way is a measure of the difficulty in peeling a layer from the surface [8, [11] [12] [13] [14] .
Previously, in line with its first definition, the exfoliation energy was calculated as the difference between the total energy of a thick slab composed of several (N ) atomic layers and that of an isolated atomic layer plus the remaining (N −1)-layer slab [8, 11, [20] [21] [22] [23] . In these calculations, periodic boundary conditions were used, and the isolated layer and the remaining slab were placed in the same supercell (with a large vacuum region in between). This method neglects a possible change in the lattice parameters of the exfoliated layer. Furthermore, in order to obtain a convergent result in simulating the surface of a bulk crystal, a large N was required, which resulted in heavy computational load. We call this method a "slab method."
In order to reduce the computational load, some previous studies approximated the exfoliation energy (according to the first definition [7] [8] [9] [10] [11] [12] [13] [14] , i. e. , the energy cost of exfoliation from a surface) by the interlayer binding energy. However, interlayer binding energy is a rather conceptual quantity and it cannot be measured directly from an experiment. Although the closest process relevant to interlayer binding energy would be a complete dissolution of a layered material into individual layers in a liquid, it should involve unwanted interactions between the solvent molecules and the layered material. These studies assumed that the interlayer interaction could be treated as pairwise additive, that the relaxation of inplane lattice parameters of an exfoliated layer is negligible, and that the layers near the surface have the same atomic structure as those deep inside the bulk so that the surface relaxation or reconstruction can be neglected. Importantly, even if there are some limited cases in the phase space of the electronic-structure methods, energy functionals, and materials where this approximation is shown to be good, there has been no general proof that the interlayer binding energy should be a good approximation to the exfoliation energy. Shulenburger et al. [24] regarded the value of the exfoliation energy as somewhere in between the values of the interlayer binding energy of the bulk material and the binding energy of the twoatomic-layer system, i.e., the energy required to separate the two atomic layers attached to each other. Schütz et al. [25] divided the exfoliation energy of phosphorene into the binding energy of an isolated two-atomic-layer system and the remainder, and they approximately obtained this remainder by comparing the total energies of the two-and three-atomic-layer systems obtained from coupled cluster calculations.
In this paper, we propose a conceptually rigorous method to calculate the exfoliation energy from first principles at a much lower computational cost than the slab method. We first prove that the exfoliation energy is rigorously the same as the difference between the groundstate energy (per layer) of the bulk and that of an isolated layer. Now, the calculation using the usual periodic boundary conditions is very simple because it requires only the primitive unit cell of a bulk crystal and the supercell containing a single atomic layer. Since this method does not involve any thick slab calculations, a huge reduction in the computational cost occurs. Moreover, our method naturally takes into account any possible surface reconstructions and the relaxation of both the atomic positions near the surface and the in-plane lattice parameters of the peeled layer. Lastly, our method can be naturally combined with any kind of many-body techniques.
By straightforwardly extending this method, we also show below how to inexpensively calculate the energy required to exfoliate n layers at a time from the surface of a bulk crystal, which we call the n-layer exfoliation energy (n = 1, 2, 3, ...). As an application of our method, we calculate the n-layer exfoliation energies of graphene, hexagonal boron nitride (hBN), MoS 2 , and phosphorene from first principles using the density-functional theory. Figure 1 illustrates the traditional slab method of calculating the exfoliation energy. The exfoliation energy is obtained from the energy difference before and after separating an atomic layer from the slab consisting of many atomic layers. The total energies of the two configurations shown in Figs. 1(a) and 1(b) need to be calculated from first principles. In such calculations, the slab should contain a large number (N ) of layers to simulate the surface of a bulk crystal, and the energy convergence for increasing N should be checked as well. For this reason, the slab method is computationally heavy.
On the other hand, Fig. 2 explains our proposed method of calculating the exfoliation energy, by dividing the exfoliation process into four consecutive configurations for clarity in presentation. We confine our discussion here to materials whose basis atoms of the bulk primitive unit cell can be contained within one atomic layer (Fig. 2) . Later we will generalize our discussion to most 2D materials (actually to all known 2D materials that have been mechanically exfoliated from bulk crystals). Initially, before the exfoliation (Configuration I in Fig. 2(a) ), the crystal has two (upper and lower) surfaces and the surface reconstructions (to form a superstructure) as well as atomic relaxations may exist on the surface regions. The atomic relaxations may occur
The traditional slab method for calculating the exfoliation energy. It is obtained from the difference in the ground-state energies of two configurations: (a) a slab in vacuum consisting of many atomic layers and (b) the topmost layer of the slab being separated (see arrow) and the atomic positions of both the single layer and the remaining slab being relaxed. down to N s layers from the outermost layer. Our argument below is valid even in the case of very large N s . N b is the number of bulk layers not influenced by the existence of the surface. Now assume that the topmost atomic layer is separated from the slab ( Fig. 2(b) ). In this step (I→II), the entire topmost layer is simply translated far away in the surface-normal direction. All the atomic positions of the remaining crystal (N b + 2N s − 1 layers) are also fixed (frozen) for the moment. Then, we allow the atomic positions of the remaining slab to rearrange to the lowestenergy configuration while those of the removed layer are still held fixed ( Fig. 2(c) ). In this step (II→III), the number of layers in the upper surface is recovered to N s and accordingly the number of atomic layers in the bulk is reduced from N b to N b − 1. Finally, the separated layer in vacuum is allowed to have the lowest-energy atomic configuration ( Fig. 2(d) ). In this step (III→IV), the exfoliated layer may expand or compress in the in-plane directions, and thus the corresponding lattice constants may change. Other changes may take place as well. For example, atomic buckling in the monolayer plane may occur or the surface reconstruction of the layer which was present before exfoliation may disappear. The exfoliation energy is the change in the total energy of the system in going from configuration I to IV ( Fig. 2(e) ). Configuration IV has one less layer in the bulk part than configuration I, while the two configurations have exactly the same surfaces. Therefore, the energy required to exfoliate a layer equals the difference in the energy of a layer in bulk and that of a separate layer in vacuum in their respectively relaxed geometries. This equality is not approximate but exact.
Although the logic of our proposed method for calculating exfoliation energies based on the above configurations (I-IV) was straightforward, the result is rather unexpected. What we have shown is that the exfoliation energy is not at all dependent on the change in atomic positions (including reconstructions) in the surface region as the topmost atomic layer is removed. The reason for the simplicity of our method is that all these complications cancel out exactly and do not appear in the difference between configurations I and IV.
We provide a mathematical proof to complement the previous pictorial explanation on the equality of exfoliation energy E e (> 0) and interlayer binding energy E b (> 0). We will prove an equivalent statement: ∀ > 0, |E e − E b | < . Let T N be the total energy of a slab composed of N unit layers in its relaxed geometry with possible reconstructions or superstructures. (Each unit layer may be composed of more than one atomic layer. For example, a single layer of MoS 2 contains three atomic layers.) Since the area of an in-plane unit cell depends on N , we define the energies E e , E b , and T N as quantities per bulk in-plane unit cell. Obviously, the energy E 0 ≡ lim N →∞ T N /N in the thermodynamic limit is nothing but the well-defined total energy of the bulk crystal per (bulk) unit cell. Then, E b can be written as
Likewise, E e can be written as E e = lim N →∞ (T 1 + T N −1 − T N ) and it also is a physically well-defined quantity. We thus have the following relations.
(1)
We define
for a given . If we apply Eq. 2 for N = 2N c , N = 2N c − 1, · · · , and N = N c + 1, add all these N c equations together, and then divide the result by N c , we find that
If we apply Eq. 1 for N = N c ,
Now, if we add Eq. 3 and Eq. 4,
If we apply Eq. 1 for N = 2N c ,
If we subtract Eq. 6 from Eq. 5,
which completes the proof that E e = E b . We emphasize that in our general mathematical proof, we did not assume that the interactions are pairwise additive or decay fast in real space. The proposed method of calculating the exfoliation energy has several important advantages over the slab method. First, our method is immensely efficient from the computational point of view. The energy of a layer in bulk is obtained by a calculation on a primitive unit cell and that of an exfoliated layer by a calculation on the supercell containing only a single layer in vacuum. Second, our method automatically and rigorously incorporates the effect of any surface reconstructions. The slab method often ignores them to reduce the computational load. Third, our method can easily take into account the relaxation of the in-plane lattice parameters of the exfoliated layer. The slab method usually neglects this relaxation and uses a supercell containing both the exfoliated layer and the remaining slab. Fourth, our method is compatible with any kind of many-body computational theories. We note that Hanke, [12] Björkman et al., [13] and Chen et al. [14] have shown that, under the assumption that the interaction among different layers is pairwise additive, the exfoliation energy is the same as the interlayer binding energy, i. e. , the energy (per layer) required to separate all the layers of the bulk. However, from computational studies employing quantum Monte Carlo simulations it is known that non-pairwise-additive many-body effects such as Pauli repulsion and van der Waals interactions play an important role in the interlayer interactions in layered materials [10, 24, 26, 27] . Our proposed method does not rely on such an assumption and may be combined with state-of-the-art manybody techniques in accurately calculating exfoliation energies.
Some studies (e.g., Ref. [13] ) have justified the use of interlayer binding energy as an approximation to the exfoliation energy through an explicit convergence test of the exfoliation energy with respect to the number of atomic layers in the slab in limited cases. Other studies (e.g., Ref. [28] ) resort to a previous one [13] in using the equality of the exfoliation energy and layer binding energy. The novelty of our study lies in proving the equality of the interlayer binding energy and the exfoliation energy independent of (i) the electronic structure methods, (ii) the energy functionals, and (iii) the class of materials being studied. By doing so, our study enables people to focus only on improving the electronic structure methods and / or energy functionals for calculating the exfoliation energy of any material without worrying about the convergence with respect to the number of atomic layers in the slab. So far, only the research groups with enough computational resources were able to do the slab calculations which were believed to be more accurate but computationally heavier than other methods and to check the convergence of their calculated exfoliation energies with respect to the number of atomic layers in the slab. Research groups not accessible to high computational power had to resort to what has been believed to be an approximation. Our work can give a deep impact on this situation since we have proved that such an "approximation" of the exfoliation energy by the interlayer binding energy is not actually an approximation but is rigorous and exact. Therefore, our study allows people not accessible to high-power supercomputing facilities, to have confidence in their calculations on surface-related energies.
Until now we have focused on simple layered materials whose basis atoms can be contained in one atomic layer. In fact, our method can be used to calculate the exfoliation energy of any materials whose surfaces before and after the exfoliation are equivalent, i. e. , related by symmetry operations. Most naturally occurring materials satisfy this criterion. For example, the remaining surface of the Bernal (AB)-stacked graphite after the exfoliation of one graphene layer is equivalent to the original surface after a 180
• rotation with respect to an axis normal to the surface. In the case of rhombohedral graphite with the ABC stacking, [29] the two surfaces before and after the exfoliation of a graphene layer are connected by a simple translation. Many layered materials meet this symmetry criterion.
Our method also applies to n-layer exfoliation (for n > 1) as long as the initial and final surfaces are equivalent. The n-layer exfoliation energy per unit area E exf (n) is given by
where E iso (n) is the energy of the unit cell of an isolated n-layer slab in vacuum, E bulk is the energy of the unit cell of a bulk material composed of m layers (e. g. , m = 2 in the case of AB-stacked graphite or hBN), thus E bulk /m corresponds to the energy of the bulk per layer, and A is the in-plane area of the bulk unit cell. Our finding also leads us to some interesting results on the exfoliation energy. We consider a graphene-hBN superlattice, which may have two types of surface terminations (Figs. 3(a) and 3(c) ). We predict that the two-layer exfoliation energies from these surfaces are the same. The reason is that the exfoliation energy is the difference in the energy of the two layers in bulk and that in vacuum, both of which in this case do not depend on the surface termination (Figs. 3(b) and 3(d) ).
For demonstration purposes, we applied our proposed method of calculating exfoliation energies from first principles to representative 2D materials: graphene, hBN, MoS 2 , and phosphorene. The electronic structures were calculated using the density-functional theory within the projector-augmented-wave method [30] as implemented in vasp [31] . The exchange-correlation energy was calculated using the functional of Perdew, Burke, and Ernzerhof (PBE) [32] . The material-dependent kinetic energy cutoffs were set to values higher than 700 eV after convergence tests. For k-space integrations of bulk materials, a mesh of 19 × 19 × 7 k points was used for graphite, 19×19×7 for hBN, 15×15×4 for MoS 2 , and 12×9×4 for black phosphorus. For n-layer slabs (n = 1 ∼ 8), we have used the corresponding M × N × 1 k-point meshes. We checked the convergence of the total energy with respect to the number of k points. To avoid spurious interactions between periodic images, a 13Å of vacuum was inserted between the n-layer slabs. The geometry optimization was performed until an additional ionic-relaxation step changed the total energy per unit cell by less than 10 −7 eV. We took into account van der Waals interactions in the total energies by using the D2 scheme developed by Grimme [33] . The dispersion corrections are sensitive to the specific functionals being used [28, 34] . However, to figure out which electronic-structure methods or energy functionals are good is beyond the purpose of our work, and we have not attempted to make comparison between different functionals. We have checked that the results of our calculations are in agreement with those of other studies obtained from the PBE-D2 exchange-correlation functional [35] .
We now compare the computation time of our method with that of the slab method as presented in Fig. 4 . For this purpose, we assumed that the exfoliated atomic layer has the same in-plane lattice constants as the bulk. We performed calculations on all the materials that we discussed before and NbSe 2 , a metallic layer-structured material. Since NbSe 2 is a metal, we used dense k-point meshes of 21 × 21 × 6 and 21 × 21 × 1 for the bulk material and for the slabs, respectively, and neglected the possible reconstructions of the bulk, surface, and monolayer of NbSe 2 which are still controversial [36] [37] [38] [39] . For other materials, we used the same k-meshes as adopted in calculations using our method. As we expected, the calculated exfoliation energies obtained from the slab method converge with N to those obtained from our proposed method (Fig. 4(a) ). Although it depends on the kind of the material, we need N = 4 for a convergence of the monolayer exfoliation energy within a few percent. The required computation time for the exfoliation energy of our method is a few times or even ten times shorter than that of the slab method (Fig. 4(b) ). It is to be noted that both (i) the minimum number of atomic layers in the slab and (ii) the computation time for converging the slab-method calculations do depend on the electronic-structure method, the energy functional, and the material. Even if we use the same density-functional-theory scheme and the same exchange-correlation functional, the advantage of our method for not using a thick slab of atomic layers will be greater if the material itself has bulk or surface reconstructions. Moreover, if our method is combined with more advanced many-body techniques, the advan- tages of our method over the slab method would be even greater since the scaling of the computation time with respect to the total number of electrons in those manybody methods is much worse. For example, our method can be directly combined with quantum-chemistry techniques for periodic crystals using many-body wavefunctions [40] . Figure 4 also shows that the energy convergence (as a function of the number of layers N ) of the slab method for this metallic material is similar to that of semiconducting systems. On the other hand, the ratio of the computational time required for the slab method to our method is much higher in the case of a metal than a semiconductor, i.e., the advantage of our approach over the slab method is much greater for a metallic system. The convergence of calculations with respect to the total number of layers in a slab may be slow, and especially so if long-range dispersion interactions are taken into account. Our new approach is exempt from this convergence test because we need to calculate only two configurations, the bulk and the isolated single layer. (As evident from our mathematical proof, the computational complications originated from the existence of the surface in reality exactly cancel out between two geometries, namely, before and after the exfoliation.) Therefore, although the calculation would necessarily become heavy with the correlated wave-function methods in all cases including our new approach, the reduction in the computational load with our new method is tremendous compared to the conventional slab methods. Figure 5 shows that the n-layer exfoliation energy, E exf (n) [Eq. (8) ], of the four materials calculated from our proposed method is in the range of 18-32 meV/Å 2 . E exf (n) increases with n since the surface n-layer slab with higher n contains more atoms and, consequently, its total interaction with the bulk underneath before exfoliation is stronger. In the following analysis, we regard E exf (8) as the limiting value E exf (∞), which seems a good approximation from the convergence trend in Fig. 5 . Note that E exf (∞) is, by definition, the cleavage energy, the energy required to split a bulk crystal into two bulk parts [41] . In the case of graphene, MoS 2 , and phosphorene, E exf (n) converges within 1 % of E exf (∞) when n ≥ 3. For hBN, the convergence of E exf (n) within 1 % is reached when n ≥ 4. We also note that the difference of the cleavage energy of graphene from its one-layer exfoliation energy [E exf (1)] is 2.5 meV/Å 2 , which is 12 % of the one-layer exfoliation energy. The corresponding quantities are 4.0 meV/Å 2 and 14 % for hBN, 1.2 meV/Å 2 and 6.7 % for MoS 2 , and 1.3 meV/Å 2 and 5.8 % for phosphorene.
So far, we have demonstrated how our method can be used to calculate the exfoliation energies of n-atomiclayer slabs. Now we focus on a particular step of the exfoliation process, the lattice constant change and the subsequent structural relaxation of the exfoliated n-layer slab (III→IV in Fig. 2) , which was usually not treated accurately in conventional methods since they employ calculations on a supercell containing both the exfoliated layer and the remaining slab. As the number of layers increases, the change in the lattice constants from those of the bulk diminishes (Fig. 6) . Among the four materials, the b parameter of phosphorene ( Fig. 6(a) ) shows the largest change (increase) in the lattice constants upon relaxation: ∆b/b = 3.3 % (Fig. 6(b) ). This large change is due to the structural compliance of phosphorene in the armchair direction. The change in the lattice constants stabilizes the exfoliated n-layer slab as shown in Figs. 6(b) and 6(c). Among the four materials studied, the stabilization energy (E IV −E III ) of phosphorene is the largest. Figure 6(c) shows that E IV − E III (defined to be negative here) accounts for 5 % of the exfoliation energy of monolayer phosphorene, whereas this contribution is less than 0.4 % for the other materials.
In conclusion, we developed an extremely efficient method to calculate the exfoliation energy from first principles. This scheme is also capable of taking into account surface relaxations and reconstructions rigorously, handling the change in the in-plane lattice constants of exfoliated layers easily, and being easily combined with state-of-the-art many-body techniques. We applied this method to calculate n-layer exfoliation energies of four representative 2D materials. Although our demonstration is focused on layered materials with van der Waals interactions, the method can in general be applied to other classes of layered materials, e. g. , those with hydrogen bonds. We believe that because of the unique merits of our method it will replace the traditional method and be widely used to calculate mechanical exfoliation energies of 2D materials. 
